Abstract. Let X n,k be a Khalimsky topological n dimensional subspace with digital k-connectivity. In relation to the classification of spaces X n,k , by comparing several kinds of continuities and homeomorphisms, the paper proposes a category which is suitable for studying the spaces X n,k .
Introduction
In relation to the study of subsets of the Euclidean nD space with integer coordinates, we have often used the Khalilmsky topological structure [5, 9, 10, 12, 15] . Let Z, N and Z n represent the sets of integers, natural numbers and points in the Euclidean n-dimensional space with integer coordinates, respectively. Motivated by the Alexandroff space [1] , the Khalimsky nD space (briefly, (Z n , T n )) was established and the study of its properties includes the papers [9, 12, 15] . In this paper we consider a subset X ⊂ Z n as a subspace of (Z n , T n ), denoted by (X, T n X ), n ≥ 1 [5, 9, 10] .
Even though Khalimsky topology of Z n has strong merits of studying objects in Z n , a Khalimsky continuous map need not preserve digital connectivity [9] . However, if a map f : (X, T n 0 X ) → (Y, T n 1 Y ) performs Khalimsky continuity and digital connectivity, then it can be very useful in digital topology. Thus, we have often studied a Khalimsky topological space with digital k-connectivity of Z n , n ∈ N [9, 10] (see Definition 1) and further, used a map preserving digital connectivity [5] .
In the classification of Khalimsky topological space with digital kconnectivity, we study a special kind of category, denoted by CTC, consisting of the following two classes: (1) a class Ob(C ) of X n,k ; (2) a class Mor (X , Y ) of (k 0 , k 1 )-continuous maps in Definition 5 for each pair X n 0 ,k 0 and Y n 1 ,k 1 in Ob(C ) as morphisms. Finally, by using a special kind of homeomorphism in CTC (see Definition 5), we can classify spaces X n,k . This paper is organized as follows. Section 2 provides some basic notions. Section 3 investigates some properties of several kinds of categories for studying the spaces X n,k . Section 4 compares several kinds of homeomorphisms and shows some merits of CTC. Section 5 concludes the paper with a concluding remark and further work.
Preliminaries
In order to classify Khalimsky topological spaces with digital k-connectivity, we can consider several kinds of homeomorphisms from the viewpoint of Khalimsky topology. To do this work, we need to recall some basic notions as follows. Khalimsky line topology on Z is induced from the subbasis {[2n − 1, 2n + 1] Z : n ∈ Z} [1] (see also [12, 15] ), where for {a, b} ⊂ Z with a ⪇ b, we use the notation [a, b] Z = {a ≤ n ≤ b : n ∈ Z}. Furthermore, the typical product topology on Z n induced from (Z, T ) is called the Khalimsky product topology on Z n (or the Khalimsky nD space), denoted by (Z n , T n ). In this paper each space X ⊂ Z n will be considered to be a subspace (X,
is pure open if all coordinates are odd, pure closed if each of the coordinates is even [12] and the other points in Z n is called mixed [12] . In each of the spaces in Figures  1 and 2 , a black big dot stands for a pure open point and the symbols ■ and • mean a pure closed point and a mixed point, respectively.
It is meaningful to study a multidimensional Khalimsky topological space (X, T X ) with digital k-connectivity denoted by X n,k (see Definition 1). Thus let us recall some basic notions, as follows. Owing to the digital k-connectivity paradox [14] , a set X ⊂ Z n with one of the k-adjacency relations of Z n is usually considered in a quadruple (Z n , k,k, X), where n ∈ N, X ⊂ Z n is the set of points we regard as belonging to the set depicted, k represents an adjacency relation for X andk represents an adjacency relation for Z n − X [16] . But the paper is not concerned with thek-adjacency of X. We say that the pair (X, k) is a digital space with k-adjacency (briefly, a digital space) in Z n .
As a generalization of the commonly used 4-and 8-adjacency relations of Z 2 and further, 6-, 18-and 26-adjacency relations of Z 3 [14, 16] , the k-adjacency relations of Z n are represented, as follows. For a natural number m with 1 ≤ m ≤ n, two distinct points
In this operator k := k(m, n) is the number of points q which are k-adjacent to a given point p according to the numbers m and n in N, where " :=" means equal by definition. Indeed, this k(m, n)-adjacency is a generalization of the k-adjacency of [16] . Consequently, this operator leads to the k-adjacency relations of Z n [8] (for more details, see [9] ):
where 
n ∈ Z} with 2-adjacency can be recognized to be digital interval as a set or a subspace of (Z, T ).
We say that a set of points in (Z n , k) is k-connected if it is not a union of two disjoint non-empty sets not k-adjacent to each other [14] . For a set
For a digital space (X, k) and a point x ∈ X, we say that the maximal k-connected subset of (X, k) containing the point x ∈ X is the k-(connected) component of a point x ∈ X [14] . The number m is called the length of this k-path [14] . For an adjacency relation k, a simple k-path in X is the sequence (x i ) i∈[0,m] Z such that x i and x j are k-adjacent if and only if either j = i + 1 or i = j + 1 [14] .
Several Kinds of Khalimsky Topological Categories
Since the paper [5] established several kinds of homeomorphisms which can be used in studying Khalimsky topological spaces with digital connectivity, let us now recall them and discuss several kinds of Khalimsky topological categories. Y ) as morphisms. The paper [5] (see also [9, 10] ) shows that a Khalimsky continuous map f :
But, if a map preserves digital connectivity, then it can be very useful in digital topology. Thus we need a map which preserves both digital connectivity and Khalimsky continuity. For a space X n,k , let us now recall the notion of special kind of (Khalimsky topological) k-neighborhood. Definition 2. [4] (see also [9, 10] ) For space X n,k := X, consider two distinct points x, y ∈ X and ε ∈ N.
(1) By l k (x, y) we denote the length of a shortest k-path from x to y in X. Furthermore, we assume that
Furthermore, if {x} is a singleton set up to a k-adjacency, then we assume that N k (x, ε) = {x} for any ε ∈ N.
this set is called a Khalimsky topological kneighborhood of x with radius ε and is denoted by
The paper denotes by SC n,l, * k a simple closed k-curve with l elements in Z n of which some point x ∈ SC n,l, * k Figure 1 (b). Then we observe that N * 4 (e 6 , 2) = SC 
In addition, the Khalimsky line space (Z, T ) is assumed with 2-adjacency. Indeed, we observe that
owing to the topological structure of a given Khalimsky topological space.
Definition 3.
[4](see also [6] ) For two digital spaces (X, k 0 ) and
We say that a map f : (X, x 0 ) → (Y, y 0 ) is a pointed map if f (x 0 ) = y 0 in this paper. The current presentation of the digital continuity has been often used in digital k-curve and digital k-surface theory. Unlike the pasting property of classical continuity in topology, the digital (k 0 , k 1 )-continuity of Definition 3 has some intrinsic features [13] : Digital (k 0 , k 1 )-continuity has the almost pasting property instead of the pasting property of classical topology.
Using the digital (k 0 , k 1 )-continuity, we obtain the digital topological category, briefly DTC, consisting of two classes [4] (see also [9] ): (1) A class of objects (X, k) in Z n ; (2) For every ordered pair of objects (X, k 0 ) in
Owing to the limitation of Khalimsky continuity related to the preservation of digital connectivity, the following three kinds of continuities Figure 1 . Several kinds of simple closed k-curves [5] were developed. By using Definitions 1 and 3, we have established the following:
None of the conditions (1) and (2) of Definition 4 implies the other [5] . Indeed, the property (2) of Definition 4 is not related to the Khalimsky topology. However, in order to preserve the k 0 -connectedness of X n 0 ,k 0 into the k 1 -connectedness of Y n 0 ,k 1 , the current KD-(k 0 , k 1 )-continuity can be used for studying X n,k .
By the same method as the establishment of DTC, the paper [5] established a Khalimsky topological category (briefly, KDTC) consisting of two classes:
Now, by using the Khalimsky topological k-neighborhood in Definition 2(4), we obtain the following continuity [5] :
Owing to the difference between N k (x, ε) and N * k (x, ε), we clearly observe that KD-(k 0 , k 1 )-continuity of Definition 4 is different from (k 0 , k 1 )-continuity of Definition 5 [5] .
By using the (k 0 , k 1 )-continuity of Definition 5, we can establish a Khalimsky topological category (briefly, CTC) consisting of two classes: (1) A class Ob(C ) of X n,k ; (2) A class Mor (X , Y ) of (k 0 , k 1 )-continuous maps for each pair X n 0 ,k 0 and Y n 1 ,k 1 in Ob(C ) as morphisms.
Using Definitions 1 and 5, we obtain the following:
We observe that none of the properties (1) and (2) of Definition 6 implies the other [5] . In Definition 6, if such a kind of neighborhood
does not exist, then we clearly say that f cannot be K-(k 0 , k 1 )-continuous at the point x. Owing to the difference between N k (x, ε) and N * k (x, ε), we observe that KD-(k 0 , k 1 )-continuity is different from K-(k 0 , k 1 )-continuity [5] .
By using the notion of Definition 6, the paper [5] established a Khalimsky topological category (briefly, KCTC) consisting of the following two classes:
As discussed above, for a map f :
Merits of the Category CTC for Studying Khalimsky Topological Spaces
The paper [5] established several kinds of homeomorphisms in CTC, KDTC and KCTC to classify spaces X n,k up to a KD-k-homeomorphism, a k-homeomorphism or a K-k-homeomorphism. In this section, comparing them, we observe some merits of a homeomorphism in CTC.
As usual, a digital space (X, k) can be considered as a digital k-graph G k := (V k , E k ) [16] . Thus, digital graph versions of (k 0 , k 1 )-continuity and (k 0 , k 1 )-homeomorphism were presented [5] . Thus we can represent a digital (k 0 , k 1 )-homeomorphism in [2] as a (k 0 , k 1 )-isomorphism in [11] (see also [4] ), as follows.
In DTC, in order to classify digital spaces (X, k) up to a digital kisomorphism, we have used the following:
) the map f is bijective and (2) the map f is a digitally
Let us now recall several kinds of homeomorphisms in Khalimsky topology, as follows. 0 , k 1 )-homeomorphism) . [5] In CTC, for two spaces
Definition 8 (Khalimsky homeomorphism). [5] For two Khalimsky spaces (X, T

Definition 10 ((k
X n 0 ,k 0 := X and Y n 1 ,k 1 := Y , a map h : X → Y is called a (k 0 , k 1 )- homeomorphism if h is a (k 0 , k 1 )-continuous bijection and further, h −1 : Y → X is (k 1 , k 0 )-continuous. Then we say that the space X is (k 0 , k 1 )-homeomorphic to Y . Definition 11 (K-(k 0 , k 1 )-homeomorphism). [9] In KCTC, for two spaces X n 0 ,k 0 := X and Y n 1 ,k 1 := Y , a map h : X → Y is called a K-(k 0 , k 1 )-homeomorphism if (1) h is a K-(k 0 , k 1 )-continuous bijection and (2) h −1 : Y → X is K-(k 1 , k 0 )-continuous.
Then we say that the space X is K-(k
In Definitions 8, 9, 10 and 11, by [9] . If n 0 = n 1 and k 0 = k 1 , then we use the notation '
Let us now investigate some intrinsic features of the homeomorphisms in Definitions 9, 10 and 11, as follows. Figure 1(b) , we obtain the following:
(1) SC Figure 1(b) ). Then the proof is completed. (2) The smallest open sets containing the points e 2 and e 6 in SC 2,8, * 4 in Figure 1(b) are {e 0 , e 1 , e 2 , e 3 , e 4 } = N 4 (e 2 , 2) and {e 4 , e 5 , e 6 , e 7 , e 0 } = N 4 (e 6 , 2), respectively. This implies that any KD- (8, 4) , by the same method as the proof of (2) , by the same method as the above, the proof is completed. □ As discussed in Example 4.1, in (Z 2 , T 2 ) it turns out that each of several homeomorphisms for studying spaces in KDTC, KCTC and CTC has its own intrinsic merits. In (Z 2 , T 2 ) let us now investigate some properties of KD-(k 0 , k 1 )-, K-(k 0 , k 1 )-and (k 0 , k 1 )-homeomorphism, as follows. onto each of the spaces SC 3, 6 18 in (a), (b) and (c) of Figure 2 .
In order to prove the cases (2), (3) and (4), we need to investigate each of Khalimsky topological structures of SC 3, 6 18 in (a), (b) and (c) of Figure 2 , as follows. First, we can observe that the set
is a subbase of the Khalimsky topological structure of SC 3, 6 18 in (a) of Figure 2 .
Second, the space SC 3, 6 18 in (b) of Figure 2 has the following subbase:
Third, the space SC 3, 6 18 in (c) of Figure 2 has the following subbase:
In terms of (4.1), (4.2) and (4.3), it turns out that each of the spaces SC Let us now prove the assertions (2), (3) and (4). (2) In view of (4.1), (4.2) and (4.3), we can observe that none of the spaces in (a), (b) and (c) of Figure 2 is Khalimsky homeomorphic to the other. Thus, the proof is completed. and SC
Proof: Depending on both the smallest numbers
, i ∈ {0, 1} and an arrangement of the point and SC 3, 6 18 up to several kinds of homeomorphisms. Proof: (1) We observe that the space SC 3,6, * 18 in Figure 2 has the following subbase:
Owing to the topological structure of (4.4), we can establish KD-(2, 18)-, K-(2, 18)-and (2, 18)-continuous surjection f :
and further, each of these maps has the smallest cardinality of 
Then we observe the following: First, the map f is a Khalimsky continuous surjection with Dom(f ) minimal and ♯Dom(f ) = 8 ⪈ 6, where ♯ means the cardinality of a given set. Second, the map f is (2, 18)-continuous in CTC. Third, the map f is digitally (2, 18)-continuous in DTC. Thus, the map f is both a KD-(2, 18)-and a K-(2, 18)-continuous surjections with Dom(f ) minimal such that the smallest cardinality of Dom(f ) is greater than six, i.e. m f − 1 ⪈ 6.
(2) Let us examine if there is a Khalimsky continuous surjection g :
18 in Figure 2 18 in Figure 2(a) , the other cases with codomain SC 3, 6 18 in Figure 2 By comparing each of several kinds of homeomorphisms in Definitions 9, 10 and 11 with a digital (k 0 , k 1 )-isomorphism, we can observe some merits of a (k 0 , k 1 )-homeomorphism, as follows. 
Concluding Remark and Further Work
As discussed in Example 4.1, Theorems 4.2, 4.3 and 4.4, in relation to the preservation of digital k-connectivity it turns out that both Khalimsky continuity and Khalimsky homeomorphism have some drawback. Thus, we have studied several kinds of continuities and homeomorphisms of Definitions 4, 5, 6, 9, 10 and 11. In particular, by comparing the several kinds of homeomorphisms, we observed some merits of (k 0 , k 1 )-homeomorphism in CTC. By using this homeomorphism, we can substantially compare Khalimsky topological spaces with digital kconnectivity.
